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1. Taylor Tables

(a) Az (yu); + Aza(dgu)j—1 — (uj + Auj_1 + Buj_o) = Az ery
uj | Az (%Z)j Az? (g%)j Az3 (g%é)j Az? (%)j
Az (0zpu); 1 ‘ ‘ ‘ ‘ ‘
aAz(d,u)j 1 « (Oé)(l—'l)1 (a)(Q—!1)2 (a)(371)3
—u; -1
—Au; A (*A)l('*l)1 (*A)Q(!*l)z (*A)S(!*l)?’ (*14)4('*1)4
—Buj_y _B (—B)l(' 2)! (_Bz('_Q)Z (—3)3)(3—2)3 (—5’4('—2)4
Azer, 0 ‘ 0 ‘ 0 ‘ ? ‘ ‘ ‘

where the first 3 columns set to zero will produce at least a 2"¢ order method.
This results in three equations for the three unknowns, a, A, B

A+B+1 =0
l+a+A+2B =0
A
which gives « = —1, A = —2, B = 1. The scheme is

1
((5xu)J — (6mu)j_1 = E (u]' — QUj_l + Uj_g)

A 8B >
Az ery = (‘; + G + 6) Az? ((#;)

J



. e 3
giving er; = %A:ﬁ <%) ~a 2™ order scheme.
j

2. Modified wave number problems

(a)

We apply u; = ethiAT o

1
(dou)j = Jrz (T2 +dujpn — dujor +uj2)

and get
(ik*eiija:) _ pikiAz (_62ik:Az 4 4eikdT _ go—ikAz 641@:;;) /(4Az)
which give us

4sin (kAz) — sin (2kAx))

E* —
! ! 2Ax

For the compact differencing approximation of problem 1

1

(5ru)j - (517“)3‘*1 = Az

(uj = 2uj1 +uj2)
applying the modified wave number analysis gives

) 1 ) 4
ok cpx —ikAx _ o —ikAx —2ikAx
ik ik™e Ar (1 2e +e )

which reduces to

1 —2cos(kAz) + cos(2kAx) + i(2sin(kAzx) — sin(2kAzx))

ik Az(l — cos(kAx) + isin(kAx))




3. Applying the representative equation u', = \u, + ae*" to

Unt1 = 4uy — 3up_1 — 2h(u)p_y

Euy, — 4y + 3E ", + 2h (AE‘lun) = —2hE " lgerhn
giving us
(a)
P(E)u, = Q(E)ae""
with

P(E) =E—-4+B+2\)E!
Q(E) = —2hE !

(b) The o roots are obtained by letting P(o) =0

o—44(3+20rN)o"! =0
o —40+(3+2h)) =0

which gives us the two roots
012 =2++1-2h\
using V1 — 2BX =1 — 5(2hA) — §(2hA)? — 75 (2hA)3 + - -
op = 3—hA+---

1 1
oy = 1+h>\+§(h>\)2+§(h>\)3+---

(c¢) Letting hA = 0 we see that oy = 3 and o9 = 1 and therefore o9 = 2 — /1 — hA
is the principal root and o; = 2 4+ +/1 — h) is the spurious root.

(d) Using the series expansion of
e =1+ hA+ - (hA)* + (RN + -~

we have ery = —1(hA)® showing a 2" order method.



4. Consider the method

ﬂn+% = Unp =+ %(Ul)n
an-l—% = Un + %<~l)n+%
Up+1 = Up + h(al)n+%

applied to the representative equation
u = u

To identify the characteristic matrix [P(E)] operator as discussed in class

(a)

1

1 0 —(1+2

Uy y 1
- -1 Uyt | =0
0 —hx (E-1) u,
or if you ignored the hint
B3 0 -1+ I
S oF -1 i|=0
0 —h\E> (E-1) Un,

in either case
[P(E)]in =0
(b) The characteristic polynomial P(c) = determinant of [P(o)] gives
1
=

Pwyza—u+hx+%mnz+6hn%:o

Resulting in the o root

1 1
a:1+hA+§mm2+gm»3

(c) Then er) = 3 (hA)*, a 3" Order accurate method.



